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Introduction

Motivation
@ Most of the results on the theory and numerical analysis are obtained
under the assumption that a space domain Q is independent of
time t.
@ Problems in time-dependent domains 2; are important in a number
of areas of science and technology.

The main goal
To work out an accurate, efficient and robust numerical method for
the solution of problems in time-dependent domains.
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Why discontinuous Galerkin method?
FEM - finite element method
@ piecewise polynomial continuous approximation
@ high order of accuracy

@ suitable for problems with continuous solutions

FVM - finite volume method
@ piecewise constant discontinuous approximation

@ low order of accuracy

@ suitable for problems with discontinuities or steep gradients

DGM - discontinuous Galerkin method
@ piecewise polynomial discontinuous approximation
@ high order of accuracy

o efficient for problems with continuous solutions as well as
discontinuities or steep gradients
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Overview

@ Formulation of a continuous model problem and its discretization

@ Arbitrary Lagrangian-Eulerian (ALE) method
o ALE space-time discretization
@ ALE-STDG approximate solution
© Stability analysis
@ Estimates of individual terms
@ Discrete characteristic function
@ Main theorem

© Error estimates
@ Abstract error estimate
@ Error estimate in terms of h and 7

@ Applications of the STDGM
@ Nonlinear elasticity benchmark problem
@ Flow induced vocal folds vibrations

© Conclusion
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Formulation of the continuous problem

Nonlinear convection-diffusion problem in a time-dependent domain

Find u = u(x, t) with x € Q; CR?, t € (0, T) such that

Z 8;)(: —div(B(u)Vu) =g in Q, t€(0,7), (1)
u=up on 9, t€(0,7), (2)
u(x,0) = u’(x), x € Qo. (3)

Assume that
o € CYR), £(0)=0and || <Lsy, s=1,...,d,

o function 3 is bounded and Lipschitz-continuous

B:R = [Bo,P1], 0<fo<fr< o0,
|B(u1) — B(u2)| < Lgluy — wo| Vup,up € R.
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ALE method
ALE mapping

Ae

\_/
Al

@ one-to-one mapping of the reference domain to the current
configuration

e domain velocity: Z(X,t) = atAt( ), z(x,t) = 2(A; 1(x), 1),
e ALE derivative: D.f(x,t) = Qf(x t) = Qf(At( )> t)s
@ The use of the chain rule yields: Dt = at f+z.Vf
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Reformulation of the problem

Problem (1)—(3) in the ALE form:
Find u = u(x, t) with x € Q;, t € (0, T) such that

d
% + Z 0fs(u) —z-Vu—div(f(u)Vu) =g in €, (4)

u=up on 0%, (5)
u(x,0) = u°(x), x € Q. (6)

v

Numerical method

For the numerical solution we use the ALE space-time discontinuous
Galerkin (ALE-STDG) discretization.
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ALE space-time discretization
@ Partition of the time interval [0, T]|: 0=ty <ty <---<ty=T
Im = (tm—la tm): Tm = tm — tm-1
e advantage of the STDGM: on every time interval [, = [tm_1, tm] it is
possible to consider a different space partition

@ ALE mapping separately on each time interval [tm_1, tm):
1 = to =
APt Qp, , TR Qr for t € [tmo1, tm)

m—1
‘Ah,t

th—l
Q

° .Ah’"t_l is in space a piecewise affine mapping on 7A77,tm71, continuous in
space variable X € €, , and continuously differentiable in time t
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Discrete function spaces

Piecewise polynomial functions in space

p>1, PP(R) is the space of all polynomials on K of degree < p

spmt = {p € LAQu,): wlg € PPR) VR € Thgy )

Piecewise polynomial functions in space and time
p,g=>1

q
Spf = oo (A0, 8) = D uix)
i=0

0; €SP X €Qy, 4, tETm m=1,...,M}
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Notation

Notation of faces and elements:
® Fp: - system of all faces of all elements K € Tj

-7:h,t :fllr,tU'Ffft
° K#L), KF(R) € Th,t - adjacent elements to the face I € }',’,’t

o for I € f,’ft the element adjacent to this face will be denoted by KéL)

@ nr is the outer normal to 8K§L)

Broken Sobolev space

@ over a triangulation 7p ¢, for each positive integer k, we define the
space

HX(Qe, Tht) = {v; vIk € HX(K) VK € Th:},
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Notation

Average and jump of traces of v € H*(Q;, Th.t)

° vg), v#R) - traces of v on ' € F}, ; from the side of elements KéL)

and K(R), respectively

o (v)p = ( () 4 )> - average of traces of von I € .F/,’t

o [v]r= vlgl') ( ) - jump of traces of von I € ]-"h .

Diameter of an element and face
@ hx =diamK for K € Tp+
e h(l') =diamT for ' € Fj;

Jump over a time interval

For a function ¢ defined in (JY_, I, we denote

om = p(tmE) = lim (1), {p}m = @(tm+) = p(tm=)
AN 21 7




ALE-STDG approximate solution

@ choose an arbitrary but fixed t € I,,, multiply equation (4) by a test

function ¢, integrate over an element K, sum over all elements
K € Tht

@ apply Green's theorem to the convection and diffusion terms,
introduce the concept of a numerical flux and suitable expressions
mutually vanishing

Definition
A function U is an approximate solution of problem (4)-(6), if U € 5,’:”;’
and

/ ((DtU> @)Qt + ah(Ua ®, t) + BOJh(Ua 2 t) + bh(Ua 2 t) + dh(Uv 2 t)) dt
Im

+{Um-1, 00 1)a:_, :/ In(p, t)dt Vep e ShT, m=1...,M,

m

Uy 65,‘:’0, (Uy — % vi)o, =0 vVhesp"
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ALE-STDG approximate solution
Definition
A function U € S*7 is an approximate solution of problem (4)—(6), if

/ ((DtU7 SO)Qt + ah(U7 ¥, t) + /BOJh(U7 ') t) + bh(U7 12 t) + dh(U7 ') t)) dt

m

+({U}m—17§0—|n;—1)ﬂrm71 = / Ih(907 t) dt Ve e sﬁ’fa m=1,..., M,

m

u,p,t): Z/B )Vu - Ve dx

KeTh,:
- / ) - nr[p] + © (B(u)Vy) - nr[u]) dS
rerh,
_ Z / (B(u)Vu-nro+0p(u)Ve-nru—03(u)Ve - nrup) dS,
rery,
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ALE-STDG approximate solution
Definition
A function U € S*7 is an approximate solution of problem (4)—(6), if

/ ((DtU7 SO)Qt + ah(Ua @, t) + /BOJh(Uv ©, t) + bh(U7 ©, t) + dh(U7 P, t)) dt

m

+({U}m—17§0—|n;—1)ﬂrm71 = / Ih(907 t) dt Ve e sﬁ’fa m=1,..., M,
Im

v

In(u, o, t) == cw Z h(T /[u] [p]dS + cw Z h(T /ugodS,

re}" re]-‘B
ba(u, 0, t) === /Zf(u
KeTh,:
+ Z / uéL)’ r) [¢] dS + Z / ur ,ul- ,nr)pdS,
rer; . rerg,
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ALE-STDG approximate solution
Definition
A function U € S}7 is an approximate solution of problem (4)—(6), if

/ ((Dtua SO)QL» + ah(Ua 2 t) + /BOJh(U7 2 t) + bh(U7 2 t) + dh(U7 2 t)) de

m

+({U}m—1790—|n—1—1)9tm_1 = / Ih(@? t) dt Vo e Sﬁ’fa m=1,..., M,

m

dn(u, ,t) : Z/zVugodx

KETh,t

Z /gSOdX-i-,BOCW Z h(r /uDgodS

KETh,e rerg,
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Some auxiliary results
o In the space H}(Q;, Th.r) and over OQ we define the norms

lelee = 3 1oBuge + et
KETh,+
luolbes: = ew 3 A(F) / up[2dS = JB(up, up. 1)
B r
I'e]-‘,ht

@ we assume that
Ahm,;l € Wlpo(lm; Wl’oo(th,l)), m=1,..., M,
(A7) e Wh(l; WE2(Q,)), m=1,...M

o we have J € WLH(1,; L%®(Qy,,_,)), J~1 € W1 ()
@ there exist constants C, Cjr > 0 such that the Jacobians satisfy

C, <JX,0)<Cf, XeQ ,, t€lp m=1,...,M,
(er)_1 §J_1(x,t)§(Cj)_1, xe€Quy t€ly, m=1,....M
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Basic equation

@ we use @ := U as a test function and get the basic identity

/ (DU, U)g, + an(U, U, 1) + Bodn(U, U, £) + by(U, U, 1)) dt

Im

+ [ (U, Ut dt + (U1, U e, = / (U, £) dt

Im Im

@ estimates of the individual terms are based on the multiplicative trace
inequality, inverse inequality, Young's inequality and assumptions of
function 3
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Coercivity of the diffusion and penalty term

Lemma
Let
/82
cw > ﬁ—écM(c/ +1) for © =-1(NIPG),
0
i _
cw > ?Cm(cl +1) for © =0 (/IIPG),
0
2
cw > lgfl em(c +1) for © =1 (SIPG).
0
Then
/ (ah(Ua U, t) + Bo Jh(Ua U, t)) dt
Im
Bo Bo
> 2 [ Uloede =2 [ luolbas, e
Im Im

™ = Tyt
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Estimates of other terms

Lemma

For each ki, ko, ks > O there exists a constant cp, cq > 0 such that for the
approximate solution U of problem (4)—(6) we have the inequalities

/ Iby(U, U, £)|de < 22 / U3t + cs / |UJ3,dt,
L e e L X
/ (U, £)]dt < = /, (lgl3, + [UI3,) dt

Bo
+5ok3/l HUDH2DGB,tdt+k_3 / 1Ul1De ¢ dt.

v
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Estimate of the term with the ALE derivative

Lemma

It holds that
| 0,06 > 3 (1051, ~ 103, — o [ 101G, d).
({U}mfla U;:—I)thil

-1 (L7 - (7 Y N [7=( - N §

/, (DU, U)a, dt + ({Ubm -1, U 1)g,

—1

1
> 3 Unlh, + Uil =5 [ WU de = (Un s Ui,

v

Monika Balazsova (FNSPE CTU) PANM 21 20 /46



Estimates of the basic idientity

/ (DtU, U)Qtdt +/ ah(U, U, t)—l—ﬁth(U, U, t)dt
Im Im
>51Um I3, %”U;*I“étm . =5 Ji VIR, de - >F2 Jim Ul tdt_@flm llupllpes,: dt
+ / bp(U, U, t)dt + / dp(U, U, t)dt
I Im
<52 i 10l e [, IUIB At <32 [ (U de+55 [, VI3 de
+ (Uhor. U 1),
3(105 08, KUl 107 1R, )
= / In(U, t)dt
Im
—_————

1 Bok:
<3 11, (1813, +1UIR, ) de+255 [, lluplcs de+5E [, VI d
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Estimates of the basic idientity

o after multiplying by two, rearranging, choosing ki = ky = k3 = 6,
setting C1o = max{1,750,c; + 1+ cq4/Bo + 2¢cp} we get

_ _ Bo
HUmH%Itm - HUm—ngZthl + H{U}m—lH%tmfl iy / [UllDe rdt

< Cry ( [ sl + [ luolfbas e+ [ ||U||%tdt)

@ we need to estimate f,m HUH%t in terms of data g, up, Up
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Discrete characteristic function
@ approximate solution in Q;: U = U(x,t), x€Q, t€ Iy
@ approximate solution transformed to the reference domain Q;__;:
U=0(X,t) = U(A(X),t), XEQ, s, tE Iy
@ For s € Iy by Us = Us(X,t), XE Q. _,, t € Im, we denote the
discrete characteristic function to U at a point s € /.
It is defined as Us € P9(Im; S 1) such that

S
"~ ™ — ,m—1
/I(US,QD)Q%I dt = /t_l(U,go)thl dt Yo € P77 (I S,

Us(X tm1+) = UX tm1+), X €Qp, ..

e by Us =Us(x,t), x € Q4,t € I, we denote the discrete characteristic
function to U € S5°7 at a point s € Ipy:

Us(x, t) = Us(A71(X), t), x € Qp, tE Iy
o hence, Us € 57 and for X € Q, _, we have
Us(X, tm1+) = U(X, tm-1+)
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Continuity of the discrete characteristic function

@ the discrete characteristic function mapping U — Us is continuous
with respect to the norms || - || 2(q,) and || - |IpG,

@ there exists a constant E(C%,_), > 0 depending on g only such that

~ ~(1
| Wil ae < &) / 1013, dt,

Theorem

There exist constants c(Cll_),, c(C,_), > 0, such that

1
/, Ul dt < ) /, |UJ3, dt
2
/, Ul dt < &) /, U3 . dt

foralls € I,, m=1,...,M and h € (0, h).

IA

™ (md — — Tyt
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Estimate of [, [U[[g,dt

@ tm_141/q = tm—l"‘Tmi I=0,...,q

q’
o denote U and Ui the discrete characteristic functions to U and U,
respectively at the time instant t,,_1./q, /=0,...,q

@ estimate for f,m(DtU,L{s)Qt dt + ({U}m,l,Lls(t,”;_l))gtm_1

@ estimates from above for |an(U, U}, t) + Bodn(U, U}, t)],
f/m |bh(U7ul*7 t)|de, flm |dh(U,Z/{,*, t)|dt, f/m |Ih(u/*7 t)|dt

Theorem

There exist constants Ct4, C3, > 0 such that

[ 10t < Crarm (1052l + [ (el + Il )it )

provided 0 < 7, < C7,.
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Unconditional stablility - main theorem
Theorem

Let 0 <7y < C3y for m=1,..., M. Then there exists a constant
Cts > 0 such that

J

m m
_ Bo
[CHEEY {UY-1lld, | + 72 / 1U[|6,¢ dt
j=1 Jj=1"4

m
< Crs ||U0_H527t0+2/IRtJdt . m=1,...,M, he(0,h),
j=17h

where R j = (Cr2 + Cra7) (lglg, + lubllpes ) for t € Ij.

@ proof is based on the discrete Gronwall inequality

@ constant C7s := exp(Cr2CraT) is independent of the time step 7,
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Error estimates

@ estimation of the error e = U — u
e=¢+n, where{=U-7mueS? andn=mu—u.
e T is a projection into the space S/7

@ subtracting identities for U and u and setting ¢ := £ we get

/ ((Dtgvg)ﬂt + ah(U7 U?é—v t) - ah(U,ﬂ'U,g, t)) dt

Im

+ [ (Boh(6..0) + ch(6 € 0) de+ ({§)mos.€h 1),

- / (—an(U, 7u,€, 8) + ap(u, mu €, €) — an(u, mu €, €) + an(u, u, €, £)) de

m

+ // (bn(t, €, ) — by(U, €, £) — Boda(n, €, £) — da(n, &, 1)) dt

_/ (Dtnaé)ﬂt dt — ({n}mfl 7§r+nfl)Q

tm—
Im m
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Abstract error estimate

Theorem

Let 0 < 7 < C3g form=1,..., M. Then there exists a constant
Cage > 0 such that

_ 1 Bo
lenlfh,, + 5 S Iebially, , + 3> [ lelbe.dt
j=1 j=1"1l
m
< Cae(Ig5 1B, + - [ CKestmae

m
+C1 Cro (67 + 4G Cra T) Y 75 lIn4 13, ) + 23,
j=1

1 ) ul )
"‘521”{77}1'—1”95_1 +ﬁozl/lj Inllpe,.dt, m=1,...
J= =

where C* is a constant independent of T.

™ =
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Error estimate in terms of h and 7

o difficult open problem how to estimate the expression ”{U}j—l”ﬂtj_l

@ we omit the expression %ijzl H{e}j—1”s22t. . and get
-

- Bo
lemld,, + > > [ llelbe,dt
j=1"4
< CAE(Z/ C*Kej(n)dt + G Cro (o7 + 4G Cro T) Y | 7j ||77f_1||§2tj_1>
j=1"1l j=1

m
oz, + 6y /, InlBeedt, m=1,....M
j=17h
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Error estimate in terms of h and 7

@ the error can be written in the form

e(x,t) = (U(x,t) —mu(x,t))+ (mu(x, t); u(x, t)z

£(xot) n(xt)

e terms 7(x, t) and {(x, t) can be transferred to the reference domain
using the ALE-mapping szt—l:

(X, 1) = n(ATH(X), 1), E(X 1) = §(ATH(X), 1),
X = Ah”jt‘l(X), XeQ |, x€Q, t € [tm1,tm]

o estimates for 77, flj C*Kej(n)dt, 37, 7 ||77f_1||%2tj71, ”77;'”%:,"’
PRy fl,- HnH%G’tdt using results for similar terms with 7j and the
substitution theorem

Monika Balazsova (FNSPE CTU) PANM 21 30/46



Error estimate in terms of h and 7

Theorem
There exists a constant C11» > 0 such that

lemlZ,, + 22 Z/HGHDtht

¢ dii |
< CT12 Z h2 e 1)|U|L2 li;HR(Q + h2(,u, 1) 2
2[5 +ap ) + 72D ouf
HaE (1 L2(Q2y_, ) HI (1 HY (g _y)) ot Ha(l;; H(S]

o

+h2“ZTIﬁ(tj—z—)ﬁw(mﬂ) + hz#"j(t"’_l_)m”(ﬂtm‘l))'
j=2
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ALE formulation of the compressible Navier-Stokes
equations

@ solution of the compressible Navier-Stokes system is a state vector
w:Q x[0,T] — R

2 2

Dw og.(w) o ORs(w,Vw)
Dr t2 oy TWAVES L T

s=1 s=1

o w=(p,pvi,pva, E)T € R* - state vector

e g.(w)="Ffsw)—zw, s =1,2 - modified inviscid fluxes
fs(w) = (pvs, pvivs + 61sp, pvavs + d2sp, (E + p)vs) T

e Rs(w,Vw) - viscous terms
Rs(w,Vw) = (0,7Y, 7Y, 7¥vi + 7¥v2 + k%)T

@ completed by initial and boundary conditions
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Dynamic elasticity system

o elastic body is represented by a bounded polygonal domain Q° c R?

0 9QP =Tb Uk, where TN TR = 0.

o Find a displacement function u : Qb x [0, T] — R? such that

0%u ou
pbﬁ + C,\b/,pba— —divP(F) =f
u=up
P(F)n=gy
)
u(-,0) = uo, 8‘;( 0) = 2o

Monika Balazsova (FNSPE CTU)

in Q2 x [0, T],
in 5 % [0, T1,
in & % [0, T],

in Q°,
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Type of material

Deformation mapping, deformation gradient, Jacobian:
P(X,t)=X+u(X,t), F=Vy, J=detF >0
Linear elasticity:
P(F):= \° tr(e(u))l + 2uPe(u), e=(Vu+Vu')/2

Nonlinear elasticity:
@ St. Venant-Kirchhoff material

P(F) = F(\"tr(E)I + 2,°E), E =

<FTF— l)

N

@ Neo-Hookean material

P(F) = puP(F — F~T) + XPlog(detF)F~T
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Discretization

Fluid flow and elasticity problem
@ both discretized by the STDGM
@ piecewise polynomial functions in space and time on the triangulation

@ arbitrary polynomial degree
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Determination of the ALE mapping

Artificial stationary linear elasticity problem

We seek d = (di, d») defined in Q¢ as a solution of the elastic static
system

2. 973(d)
0%,

=0in Qr, =12,
j=1

where Tj? are the components of the artificial stress tensor

v = 5p\divd + 2°e3(d), e3(d) = 3 (3% + 5% ). i =1,2. The Lamé

coeff|C|ents A? and pf are related to the artificial Young modulus E? and

the artificial Poisson number »2.

We get ALE mapping of Qe onto Q; in the form
A(X) =X +d(X,t), X € Qur, (8)

for each time instant t.
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FSI problem

Coupling of the discrete flow problem and the structural problem is realized
via the transmission conditions representing the continuity of the velocity
and normal stress on the common boundary between fluid and structure.

Transmission conditions

a) For linear elasticity:
P(F(X,t))n(X) = 71(x,t)n(X), wv(x,t)= %

b) For nonlinear elasticity:

_ ou(X, 1)

P(F(X,t))n(X) = 71 (x, t)Cof (F(X, t))n(X), v(x,t) ot

where x = X + u(X, t), v is the flow velocity,
f = {Tuf 2 =1{-pdj+ TI-J‘-/},?J-ZI represents the aerodynamical stress

ij=1—"
tensor.
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Nonlinear elasticity benchmark problem

@ Turek-Hron benchmark problem: elastic beam attached to a rigid
cylinder (/ =0.35 m, h =0.02 m)

JA th

@ evaluate the displacement of the control point A = A(t)
represented by the mean value, amplitude and frequency

@ acting body force density

f =pPb, where b= (0,-2)" [ms72], pP=1000 [kgm~3].
@ Young's modulus 1.4 - 10° and Poisson ratio 0.4
o up =0, gy =0, St. Venant-Kirchhoff material
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Displacement of the point A for STDGM s =1, g*

-0.02
E -0.04
g
= -0.06 —7 = 0.005
5 —7=001
£ —7=0.02
g -0.08 {l=r=004
2
2 01
-0.12
-0.14
2 4 6 8 10
time [s]
method | 7 | ug [x1073] w [x1073]
ref —14.305 4+ 14.305 [1.0995] | —63.607 = 65.160 [1.0995
STDGM | 0.04 | —7.203 4+ 0.002 1.0712] | —66.214 +0.011 1.0725
STDGM | 0.02 | —7.186+0.175 1.0800] | —66.130 +0.789  [1.0775
STDGM | 0.01 | —7.200 & 1.564 1.0887] | —65.705 £ 7.079 1.0862
STDGM | 0.005 | —7.840 + 4.708 1.0920] | —65.409 & 21.393  [1.0900
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Displacement of the point A for STDGM s =1, g =1

0.05
£ 0
s
2 —T= 0.005
2 -0.05 —T=00
g —7 =0.04
&
s 01
-0.15
0 2 4 6 8 10
time [s]
method | 7 | ug [x1073] w [x1073]
ref —14.305 4+ 14.305 [1.0995] | —63.607 = 65.160 [1.0995

STDGM | 0.04 | —14.0724+14.043 [1.0925] | —66.374 +61.499 [1.0925
STDGM | 0.02 | —14.337 +14.316 [1.0925] | —66.456 £ 62.556 [1.0925
STDGM | 0.01 | —14.546 4+ 14.526 [1.0950] | —66.580 & 62.994 [1.0950
STDGM | 0.005 | —14.628 +14.608 [1.0930] | —66.623 £ 63.153  [1.0930
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Displacement of the point A for STDGM s =1, g =2

0.05
£ 0
s
% -0.05
E
s .01
-0.15 - - -
2 4 6 8 10
time [s]
method T up [x1073] w [x1073]
ref —14.305 + 14.305 [1.0995] | —63.607 +65.160 [1.0995
STDGM | 0.04 | —14.497 +14.497 [1.0925] | —64.743 £ 64.748 [1.0925
STDGM | 0.02 | —14.627 4 14.627 [1.0925] | —65.088 + 64.711 [1.0925
STDGM | 0.01 | —14.672 +14.672 [1.0950] | —64.879 £ 65.025 [1.0900
AN /%



Flow induced vocal folds vibrations

Computational domain: L; = 20.0 mm, Lg; = 17.5 mm, Lo = 55.0 mm,
H; = 25.5 mm, Hp = 2.76 mm. The radius of the semicircle is 3.0 cm.

o vip=4ms ! 4=180-10"5kgm st pi=1225kgm3,
Pout = 97611 Pa,

e Re = pipvinH/pn = 6941.7, k = 2.428 - 1072 kg m s73 K1,
c, =721.428 m? s 2 K1 y=14
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Flow induced vocal folds vibrations

@ vocal folds are isotropic with constant material density
p? = 1040 kg m~3

@ the domain is divided into 4 regions with different material
characteristics

o fluid solver: STDGM of degree 2 in space and degree 1 in time,
7=1.0-10"°s, 17652 elements

o elasticity solver: STDGM of degree 1 in space and degree 1 in time,

5118 elements
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Flow induced vocal folds vibrations

@ compare the linear strain tensor e and the nonlinear Green strain
tensor E

@ in case of the linear elasticity the stress tensor depends on the strain
tensor e = (e;)?

ij=1
@ in the case of nonlinear elasticity it depends on E = e + E*, where
_ 2
E* = (Eg)idzl'
@ influence of the nonlinear part of the strain tensor is given by the ratio
e e
po lel _ el
IE] lle+ E~|]

o if R =~ 1, then the nonlinear part of the strain tensor has no
influence to the computation - the linear elasticity model is sufficient

e if R = 0, then the nonlinear part strongly takes effect - it is
necessary to use a nonlinear elasticity model
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Comparing the linear and nonlinear elasticity model

@ linear vs. neo-Hookean nonlinear model:

vocal fold
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Conclusion

Summary

@ discretization of the nonlinear convection-diffusion problem in a
time-dependent domain by the ALE-STDGM

@ generalization of the concept of discrete characteristic function in
time-dependent domains

@ proof of the unconditional stability of the method
@ derivation of error estimates

@ applications of the STDGM showing the accuracy and robustness of
the proposed method

Thank you for your attention!
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