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Introduction

Motivation

Most of the results on the theory and numerical analysis are obtained
under the assumption that a space domain Ω is independent of
time t.

Problems in time-dependent domains Ωt are important in a number
of areas of science and technology.

The main goal

To work out an accurate, efficient and robust numerical method for
the solution of problems in time-dependent domains.
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Why discontinuous Galerkin method?

FEM - finite element method

piecewise polynomial continuous approximation

high order of accuracy

suitable for problems with continuous solutions

FVM - finite volume method

piecewise constant discontinuous approximation

low order of accuracy

suitable for problems with discontinuities or steep gradients

DGM - discontinuous Galerkin method

piecewise polynomial discontinuous approximation

high order of accuracy

efficient for problems with continuous solutions as well as
discontinuities or steep gradients
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Overview

1 Formulation of a continuous model problem and its discretization
Arbitrary Lagrangian-Eulerian (ALE) method
ALE space-time discretization
ALE-STDG approximate solution

2 Stability analysis
Estimates of individual terms
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3 Error estimates
Abstract error estimate
Error estimate in terms of h and τ

4 Applications of the STDGM
Nonlinear elasticity benchmark problem
Flow induced vocal folds vibrations

5 Conclusion
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Formulation of the continuous problem

Nonlinear convection-diffusion problem in a time-dependent domain

Find u = u(x , t) with x ∈ Ωt ⊂ Rd , t ∈ (0,T ) such that

∂u

∂t
+

d∑
s=1

∂fs(u)

∂xs
− div(β(u)∇u) = g in Ωt , t ∈ (0,T ), (1)

u = uD on ∂Ωt , t ∈ (0,T ), (2)

u(x , 0) = u0(x), x ∈ Ω0. (3)

Assume that

fs ∈ C 1(R), fs(0) = 0 and |f ′s | ≤ Lf , s = 1, . . . , d ,

function β is bounded and Lipschitz-continuous

β : R → [β0, β1], 0 < β0 < β1 < ∞,

|β(u1)− β(u2)| ≤ Lβ|u1 − u2| ∀u1, u2 ∈ R.
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ALE method

ALE mapping

Ω0 Ωt

At

A−1
t

X x = At(X )

one-to-one mapping of the reference domain to the current
configuration

domain velocity: z̃(X , t) = ∂
∂tAt(X ), z(x , t) = z̃(A−1

t (x), t),

ALE derivative: Dt f (x , t) =
D
Dt f (x , t) =

∂
∂t f (At(X ), t),

The use of the chain rule yields: Df
Dt = ∂f

∂t + z · ∇f
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Reformulation of the problem

Problem (1)–(3) in the ALE form:

Find u = u(x , t) with x ∈ Ωt , t ∈ (0,T ) such that

Du

Dt
+

d∑
s=1

∂fs(u)

∂xs
− z · ∇u − div(β(u)∇u) = g in Ωt , (4)

u = uD on ∂Ωt , (5)

u(x , 0) = u0(x), x ∈ Ω0. (6)

Numerical method

For the numerical solution we use the ALE space-time discontinuous
Galerkin (ALE-STDG) discretization.
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ALE space-time discretization

Partition of the time interval [0,T ]: 0 = t0 < t1 < · · · < tM = T
Im = (tm−1, tm), τm = tm − tm−1

advantage of the STDGM: on every time interval Im = [tm−1, tm] it is
possible to consider a different space partition

ALE mapping separately on each time interval [tm−1, tm):

Am−1
h,t : Ωtm−1

onto−→ Ωt for t ∈ [tm−1, tm)

Ωtm−1

Ωt

Am−1
h,t

K̂
K

T̂h,tm−1 Th,t

Am−1
h,t is in space a piecewise affine mapping on T̂h,tm−1 , continuous in

space variable X ∈ Ωtm−1 and continuously differentiable in time t

Monika Balázsová (FNSPE CTU) PANM 21 8 / 46



Discrete function spaces

Piecewise polynomial functions in space

p ≥ 1, Pp(K̂ ) is the space of all polynomials on K̂ of degree ≤ p

Sp,m−1
h =

{
φ ∈ L2(Ωtm−1); φ|K̂ ∈ Pp(K̂ ) ∀ K̂ ∈ T̂h,tm−1

}
Piecewise polynomial functions in space and time

p, q ≥ 1

Sp,q
h,τ =

{
φ; φ

(
Am−1

h,t (X ), t
)
=

q∑
i=0

ϑi (X ) t i ,

ϑi ∈ Sp,m−1
h , X ∈ Ωtm−1 , t ∈ Im, m = 1, . . . ,M

}
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Notation

Notation of faces and elements:

Fh,t - system of all faces of all elements K ∈ Th,t :

Fh,t = F I
h,t ∪ FB

h,t

K
(L)
Γ , K

(R)
Γ ∈ Th,t - adjacent elements to the face Γ ∈ F I

h,t

for Γ ∈ FB
h,t the element adjacent to this face will be denoted by K

(L)
Γ

nΓ is the outer normal to ∂K
(L)
Γ

Broken Sobolev space

over a triangulation Th,t , for each positive integer k, we define the
space

Hk(Ωt , Th,t) = {v ; v |K ∈ Hk(K ) ∀K ∈ Th,t},
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Notation

Average and jump of traces of v ∈ H1(Ωt , Th,t)

v
(L)
Γ , v

(R)
Γ - traces of v on Γ ∈ Fh,t from the side of elements K

(L)
Γ

and K
(R)
Γ , respectively

⟨v⟩Γ = 1
2

(
v
(L)
Γ + v

(R)
Γ

)
- average of traces of v on Γ ∈ F I

h,t

[v ]Γ = v
(L)
Γ − v

(R)
Γ - jump of traces of v on Γ ∈ F I

h,t

Diameter of an element and face

hK = diamK for K ∈ Th,t
h(Γ) = diamΓ for Γ ∈ Fh,t

Jump over a time interval

For a function φ defined in
⋃M

m=1 Im we denote

φ±
m = φ(tm±) = lim

t→tm±
φ(t), {φ}m = φ(tm+)− φ(tm−)
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ALE-STDG approximate solution
choose an arbitrary but fixed t ∈ Im, multiply equation (4) by a test
function φ, integrate over an element K , sum over all elements
K ∈ Th,t
apply Green’s theorem to the convection and diffusion terms,
introduce the concept of a numerical flux and suitable expressions
mutually vanishing

Definition

A function U is an approximate solution of problem (4)–(6), if U ∈ Sp,q
h,τ

and∫
Im

(
(DtU, φ)Ωt

+ ah(U, φ, t) + β0Jh(U, φ, t) + bh(U, φ, t) + dh(U, φ, t)
)
dt

+({U}m−1, φ
+
m−1)Ωtm−1

=

∫
Im

lh(φ, t) dt ∀φ ∈ Sp,q
h,τ , m = 1, . . . ,M,

U−
0 ∈ Sp,0

h , (U−
0 − u0, vh)Ω0 = 0 ∀vh ∈ Sp,0

h .
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ALE-STDG approximate solution

Definition

A function U ∈ Sp,q
h,τ is an approximate solution of problem (4)–(6), if∫

Im

(
(DtU, φ)Ωt

+ ah(U, φ, t) + β0Jh(U, φ, t) + bh(U, φ, t) + dh(U, φ, t)
)
dt

+({U}m−1, φ
+
m−1)Ωtm−1

=

∫
Im

lh(φ, t) dt ∀φ ∈ Sp,q
h,τ , m = 1, . . . ,M,

ah(u, φ, t) :=
∑

K∈Th,t

∫
K
β(u)∇u · ∇φdx

−
∑

Γ∈F I
h,t

∫
Γ
(⟨β(u)∇u⟩ · nΓ [φ] + Θ ⟨β(u)∇φ⟩ · nΓ [u]) dS

−
∑

Γ∈FB
h,t

∫
Γ
(β(u)∇u · nΓ φ+Θβ(u)∇φ · nΓ u −Θβ(u)∇φ · nΓ uD) dS ,
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ALE-STDG approximate solution

Definition

A function U ∈ Sp,q
h,τ is an approximate solution of problem (4)–(6), if∫

Im

(
(DtU, φ)Ωt

+ ah(U, φ, t) + β0Jh(U, φ, t) + bh(U, φ, t) + dh(U, φ, t)
)
dt

+({U}m−1, φ
+
m−1)Ωtm−1

=

∫
Im

lh(φ, t) dt ∀φ ∈ Sp,q
h,τ , m = 1, . . . ,M,

Jh(u, φ, t) := cW
∑

Γ∈F I
h,t

h(Γ)−1

∫
Γ
[u] [φ] dS + cW

∑
Γ∈FB

h,t

h(Γ)−1

∫
Γ
u φdS ,

bh(u, φ, t) := −
∑

K∈Th,t

∫
K

d∑
s=1

fs(u)
∂φ

∂xs
dx

+
∑

Γ∈F I
h,t

∫
Γ
H(u

(L)
Γ , u

(R)
Γ ,nΓ) [φ]dS +

∑
Γ∈FB

h,t

∫
Γ
H(u

(L)
Γ , u

(L)
Γ ,nΓ)φdS ,
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ALE-STDG approximate solution

Definition

A function U ∈ Sp,q
h,τ is an approximate solution of problem (4)–(6), if∫

Im

(
(DtU, φ)Ωt

+ ah(U, φ, t) + β0Jh(U, φ, t) + bh(U, φ, t) + dh(U, φ, t)
)
dt

+({U}m−1, φ
+
m−1)Ωtm−1

=

∫
Im

lh(φ, t) dt ∀φ ∈ Sp,q
h,τ , m = 1, . . . ,M,

dh(u, φ, t) := −
∑

K∈Th,t

∫
K
(z · ∇u)φdx ,

lh(φ, t) :=
∑

K∈Th,t

∫
K
gφdx + β0 cW

∑
Γ∈FB

h,t

h(Γ)−1

∫
Γ
uD φdS
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Some auxiliary results
In the space H1(Ωt , Th,t) and over ∂Ω we define the norms

∥φ∥2DG ,t =
∑

K∈Th,t

|φ|2H1(K) + Jh(φ,φ, t)

∥uD∥2DGB,t = cW
∑

Γ∈FB
h,t

h(Γ)−1

∫
Γ
|uD |2 dS = JBh (uD , uD , t)

we assume that

Am−1
h,t ∈ W 1,∞(Im;W

1,∞(Ωtm−1)), m = 1, . . . ,M,

(Am−1
h,t )−1 ∈ W 1,∞(Im;W

1,∞(Ωt)), m = 1, . . .M

we have J ∈ W 1,∞(Im; L
∞(Ωtm−1)), J−1 ∈ W 1,∞(Im; L

∞(Ωt))

there exist constants C−
J , C+

J > 0 such that the Jacobians satisfy

C−
J ≤ J(X , t) ≤ C+

J , X ∈ Ωtm−1 , t ∈ Im, m = 1, . . . ,M,

(C+
J )−1 ≤ J−1(x , t) ≤ (C−

J )−1, x ∈ Ωt , t ∈ Im, m = 1, . . . ,M
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Basic equation

we use φ := U as a test function and get the basic identity∫
Im

(
(DtU,U)Ωt

+ ah(U,U, t) + β0Jh(U,U, t) + bh(U,U, t)
)
dt

+

∫
Im

dh(U,U, t) dt + ({U}m−1,U
+
m−1)Ωtm−1

=

∫
Im

lh(U, t) dt

estimates of the individual terms are based on the multiplicative trace
inequality, inverse inequality, Young’s inequality and assumptions of
function β
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Coercivity of the diffusion and penalty term

Lemma

Let

cW ≥ β2
1

β2
0

cM(cI + 1) for Θ = −1 (NIPG),

cW ≥ β2
1

β2
0

cM(cI + 1) for Θ = 0 (IIPG),

cW ≥ 16β2
1

β2
0

cM(cI + 1) for Θ = 1 (SIPG).

Then∫
Im

(ah(U,U, t) + β0 Jh(U,U, t)) dt

≥ β0
2

∫
Im

∥U∥2DG ,t dt −
β0
2

∫
Im

∥uD∥2DGB,t dt.
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Estimates of other terms

Lemma

For each k1, k2, k3 > 0 there exists a constant cb, cd > 0 such that for the
approximate solution U of problem (4)–(6) we have the inequalities∫

Im

|bh(U,U, t)|dt ≤ β0
k1

∫
Im

∥U∥2DG ,tdt + cb

∫
Im

∥U∥2Ωt
dt,∫

Im

|dh(U,U, t)|dt ≤ β0
2k2

∫
Im

∥U∥2DG ,t dt +
cd
2β0

∫
Im

∥U∥2Ωt
dt,∫

Im

|lh(U, t)| dt ≤ 1

2

∫
Im

(
∥g∥2Ωt

+ ∥U∥2Ωt

)
dt

+β0k3

∫
Im

∥uD∥2DGB,t dt +
β0
k3

∫
Im

∥U∥2DG ,t dt.

Monika Balázsová (FNSPE CTU) PANM 21 19 / 46



Estimate of the term with the ALE derivative

Lemma

It holds that∫
Im

(DtU,U)Ωt dt ≥
1

2

(
∥U−

m∥2Ωtm
− ∥U+

m−1∥
2
Ωtm−1

− cz

∫
Im

∥U∥2Ωt
dt

)
,(

{U}m−1,U
+
m−1

)
Ωtm−1

=
1

2

(
∥U+

m−1∥
2
Ωtm−1

+ ∥{U}m−1∥2Ωtm−1
− ∥U−

m−1∥
2
Ωtm−1

)
,∫

Im

(DtU,U)Ωt dt +
(
{U}m−1,U

+
m−1

)
Ωtm−1

≥ 1

2
∥U−

m∥2Ωtm
+

1

2
∥U+

m−1∥
2
Ωtm−1

− cz
2

∫
Im

∥U∥2Ωt
dt −

(
U−
m−1,U

+
m−1

)
Ωtm−1

.
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Estimates of the basic idientity

∫
Im

(DtU,U)Ωtdt︸ ︷︷ ︸
≥ 1

2
∥U−

m ∥2Ωtm
− 1

2
∥U+

m−1∥2Ωtm−1
− cz

2

∫
Im

∥U∥2Ωt
dt

+

∫
Im

ah(U,U, t) + β0Jh(U,U, t)dt︸ ︷︷ ︸
≥β0

2

∫
Im

∥U∥2DG ,tdt−
β0
2

∫
Im

∥uD∥DGB,t dt

+

∫
Im

bh(U,U, t) dt︸ ︷︷ ︸
≤ β0

2k1

∫
Im

∥U∥2DG ,tdt+cb
∫
Im

∥U∥2Ωt
dt

+

∫
Im

dh(U,U, t) dt︸ ︷︷ ︸
≤ β0

2k2

∫
Im

∥U∥2DG ,tdt+
cd
2β0

∫
Im

∥U∥2Ωt
dt

+
(
{U}m−1,U

+
m−1

)
Ωtm−1︸ ︷︷ ︸

= 1
2

(
∥U+

m−1∥2Ωtm−1
+∥{U}m−1∥2Ωtm−1

−∥U−
m−1∥2Ωtm−1

)

=

∫
Im

lh(U, t) dt︸ ︷︷ ︸
≤ 1

2

∫
Im

(
∥g∥2Ωt

+∥U∥2Ωt

)
dt+

β0k3
2

∫
Im

∥uD∥2DGB,tdt+
β0
2k3

∫
Im

∥U∥2DG ,tdt
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Estimates of the basic idientity

after multiplying by two, rearranging, choosing k1 = k2 = k3 = 6,
setting CT2 = max{1, 7β0, cz + 1 + cd/β0 + 2cb} we get

∥U−
m∥2Ωtm

− ∥U−
m−1∥

2
Ωtm−1

+ ∥{U}m−1∥2Ωtm−1
+

β0
2

∫
Im

∥U∥2DG ,tdt

≤ CT2

(∫
Im

∥g∥2Ωt
dt +

∫
Im

∥uD∥2DGB,tdt +

∫
Im

∥U∥2Ωt
dt

)
we need to estimate

∫
Im
∥U∥2Ωt

in terms of data g , uD ,U0
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Discrete characteristic function
approximate solution in Ωt : U = U(x , t), x ∈ Ωt , t ∈ Im
approximate solution transformed to the reference domain Ωtm−1 :

Ũ = Ũ(X , t) = U(At(X ), t), X ∈ Ωtm−1 , t ∈ Im
For s ∈ Im by Ũs = Ũs(X , t), X∈ Ωtm−1 , t ∈ Im, we denote the

discrete characteristic function to Ũ at a point s ∈ Im.
It is defined as Ũs ∈ Pq(Im; S

p,m−1
h ) such that∫

Im

(Ũs , φ)Ωtm−1
dt =

∫ s

tm−1

(Ũ, φ)Ωtm−1
dt ∀φ ∈ Pq−1(Im; S

p,m−1
h ),

Ũs(X , tm−1+) = Ũ(X , tm−1+), X ∈ Ωtm−1 .

by Us = Us(x , t), x ∈ Ωt , t ∈ Im we denote the discrete characteristic
function to U ∈ Sp,q

h,τ at a point s ∈ Im:

Us(x , t) = Ũs(A−1
t (x), t), x ∈ Ωt , t ∈ Im

hence, Us ∈ Sp,q
h,τ and for X ∈ Ωtm−1 we have

Us(X , tm−1+) = U(X , tm−1+)
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Continuity of the discrete characteristic function
the discrete characteristic function mapping U → Us is continuous
with respect to the norms ∥ · ∥L2(Ωt) and ∥ · ∥DG ,t

there exists a constant c̃
(1)
CH > 0 depending on q only such that∫

Im

∥Ũs∥2Ωtm−1
dt ≤ c̃

(1)
CH

∫
Im

∥Ũ∥2Ωtm−1
dt,

Theorem

There exist constants c
(1)
CH , c

(2)
CH > 0, such that∫

Im

∥Us∥2Ωt
dt ≤ c

(1)
CH

∫
Im

∥U∥2Ωt
dt∫

Im

∥Us∥2DG ,t dt ≤ c
(2)
CH

∫
Im

∥U∥2DG ,t dt

for all s ∈ Im, m = 1, . . . ,M and h ∈ (0, h).
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Estimate of
∫
Im
∥U∥2Ωt

dt

tm−1+l/q = tm−1 + τm
l
q , l = 0, . . . , q

denote U∗
l and Ũ∗

l the discrete characteristic functions to U and Ũ,
respectively at the time instant tm−1+l/q, l = 0, . . . , q

estimate for
∫
Im
(DtU,Us)Ωt dt + ({U}m−1,Us(t

+
m−1))Ωtm−1

estimates from above for |ah(U,U∗
l , t) + β0Jh(U,U∗

l , t)|,∫
Im
|bh(U,U∗

l , t)|dt,
∫
Im
|dh(U,U∗

l , t)| dt,
∫
Im
|lh(U∗

l , t)|dt

Theorem

There exist constants CT4,C
∗
T4 > 0 such that∫

Im

∥U∥2Ωt
dt ≤ CT4τm

(
∥U−

m−1∥
2
Ωtm−1

+

∫
Im

(
∥g∥2Ωt

+ ∥uD∥2DGB,t

)
dt

)
provided 0 < τm < C ∗

T4.
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Unconditional stablility - main theorem

Theorem

Let 0 < τm ≤ C ∗
T4 for m = 1, . . . ,M. Then there exists a constant

CT5 > 0 such that

∥U−
m∥2Ωtm

+
m∑
j=1

∥{U}j−1∥2Ωtj−1
+

β0
2

m∑
j=1

∫
Ij

∥U∥2DG ,t dt

≤ CT5

∥U−
0 ∥2Ωt0

+
m∑
j=1

∫
Ij

Rt,j dt

 , m = 1, . . . ,M, h ∈ (0, h),

where Rt,j = (CT2 + CT4 τj) (∥g∥2Ωt
+ ∥uD∥2DGB,t) for t ∈ Ij .

proof is based on the discrete Gronwall inequality

constant CT5 := exp(CT2CT4T ) is independent of the time step τm
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Error estimates
estimation of the error e = U − u

e = ξ + η, where ξ = U − πu ∈ Sp,q
h,τ and η = πu − u.

π is a projection into the space Sp,q
h,τ

subtracting identities for U and u and setting φ := ξ we get∫
Im

((Dtξ, ξ)Ωt + ah(U,U, ξ, t)− ah(U, πu, ξ, t)) dt

+

∫
Im

(β0Jh(ξ, ξ, t) + dh(ξ, ξ, t)) dt +
(
{ξ}m−1, ξ

+
m−1

)
Ωtm−1

=

∫
Im

(−ah(U, πu, ξ, t) + ah(u, πu, ξ, t)− ah(u, πu, ξ, t) + ah(u, u, ξ, t)) dt

+

∫
Im

(bh(u, ξ, t)− bh(U, ξ, t)− β0Jh(η, ξ, t)− dh(η, ξ, t)) dt

−
∫
Im

(Dtη, ξ)Ωt dt −
(
{η}m−1 , ξ

+
m−1

)
Ωtm−1

.
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Abstract error estimate

Theorem

Let 0 < τm ≤ C ∗
T9 for m = 1, . . . ,M. Then there exists a constant

CAE > 0 such that

∥e−m∥2Ωtm
+

1

4

m∑
j=1

∥{e}j−1∥2Ωtj−1
+

β0
2

m∑
j=1

∫
Ij

∥e∥2DG ,t dt

≤ CAE

(
∥ξ−0 ∥

2
Ωt0

+
m∑
j=1

∫
Ij

C ∗Kt,j(η) dt

+C1 CT9 (c7 + 4C1 CT9 T )
m∑
j=1

τj ∥η−j−1∥
2
Ωtj−1

)
+ 2∥η−m∥2Ωtm

+
1

2

m∑
j=1

∥{η}j−1∥2Ωtj−1
+ β0

m∑
j=1

∫
Ij

∥η∥2DG ,t dt, m = 1, . . . ,M,

where C ∗ is a constant independent of τ .
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Error estimate in terms of h and τ

difficult open problem how to estimate the expression ∥{η}j−1∥Ωtj−1

we omit the expression 1
4

∑m
j=1 ∥{e}j−1∥2Ωtj−1

and get

∥e−m∥2Ωtm
+

β0
2

m∑
j=1

∫
Ij

∥e∥2DG ,t dt

≤ CAE

( m∑
j=1

∫
Ij

C ∗Kt,j(η) dt + C1 CT9 (c7 + 4C1 CT9 T )
m∑
j=1

τj ∥η−j−1∥
2
Ωtj−1

)
+2∥η−m∥2Ωtm

+ β0

m∑
j=1

∫
Ij

∥η∥2DG ,t dt, m = 1, . . . ,M
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Error estimate in terms of h and τ

the error can be written in the form

e(x , t) = (U(x , t)− πu(x , t))︸ ︷︷ ︸
ξ(x ,t)

+(πu(x , t)− u(x , t))︸ ︷︷ ︸
η(x ,t)

.

terms η(x , t) and ξ(x , t) can be transferred to the reference domain
using the ALE-mapping Am−1

h,t :

η̃(X , t) = η(Am−1
h,t (X ), t), ξ̃(X , t) = ξ(Am−1

h,t (X ), t),

x = Am−1
h,t (X ), X ∈ Ωtm−1 , x ∈ Ωt , t ∈ [tm−1, tm].

estimates for
∑m

j=1

∫
Ij
C ∗Kt,j(η) dt,

∑m
j=1 τj ∥η

−
j−1∥2Ωtj−1

, ∥η−m∥2Ωtm
,∑m

j=1

∫
Ij
∥η∥2DG ,t dt using results for similar terms with η̃ and the

substitution theorem
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Error estimate in terms of h and τ

Theorem

There exists a constant CT12 > 0 such that

∥e−m∥2Ωtm
+

β0
2

m∑
j=1

∫
Ij

∥e∥2DG ,t dt (7)

≤ CT12

( m∑
j=1

(
h2(µ−1)|ũ|2L2(Ij ;Hµ(Ωtj−1

)) + h2(µ−1) τ2
∣∣∣∣∂ũ∂t

∣∣∣∣2
L2(Ij ;Hµ(Ωtj−1

))

+τ2(q+γ)(|ũ|2Hq+1(Ij ;L2(Ωtj−1
)) + |ũ|2Hq+1(Ij ;H1(Ωtj−1

))) + τ2(q+1)

∣∣∣∣∂ũ∂t
∣∣∣∣2
Hq(Ij ;H1(Ωtj−1

))

)
+h2µ

m∑
j=2

τ |ũ(tj−2−)|2Hµ(Ωtj−2
) + h2µ|ũ(tm−1−)|2Hµ(Ωtm−1 )

)
.
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ALE formulation of the compressible Navier-Stokes
equations

solution of the compressible Navier-Stokes system is a state vector
w : Ωt × [0,T ] → R4

Dw

Dt
+

2∑
s=1

∂g s(w)

∂xs
+w divz =

2∑
s=1

∂Rs(w ,∇w)

∂xs
.

w = (ρ, ρv1, ρv2,E )
T ∈ R4 - state vector

g s(w) = f s(w)− zw , s = 1, 2 - modified inviscid fluxes
f s(w) = (ρvs , ρv1vs + δ1sp, ρv2vs + δ2sp, (E + p)vs)

T

Rs(w ,∇w) - viscous terms
Rs(w ,∇w) = (0, τVs1, τ

V
s2, τ

V
s1v1 + τVs2v2 + k ∂θ

∂xs
)T

completed by initial and boundary conditions
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Dynamic elasticity system

elastic body is represented by a bounded polygonal domain Ωb ⊂ R2

∂Ωb = ΓbD ∪ ΓbN , where ΓbD ∩ ΓbN = ∅.
Find a displacement function u : Ωb × [0,T ] → R2 such that

ρb
∂2u

∂t2
+ Cb

Mρb
∂u

∂t
− divP(F ) = f in Ωb × [0,T ],

u = uD in ΓbD × [0,T ],

P(F )n = gN in ΓbN × [0,T ],

u(·, 0) = u0,
∂u

∂t
(·, 0) = z0 in Ωb,

Monika Balázsová (FNSPE CTU) PANM 21 33 / 46



Type of material

Deformation mapping, deformation gradient, Jacobian:

ψ(X , t) = X + u(X , t), F = ∇ψ, J = detF > 0

Linear elasticity:

P(F ) := λb tr(e(u))I+ 2µbe(u), e = (∇u +∇uT )/2

Nonlinear elasticity:

St. Venant-Kirchhoff material

P(F ) = F (λbtr(E )I+ 2µbE ), E =
1

2

(
FTF − I

)
Neo-Hookean material

P(F ) = µb(F − F−T ) + λblog(detF )F−T
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Discretization

Fluid flow and elasticity problem

both discretized by the STDGM

piecewise polynomial functions in space and time on the triangulation

arbitrary polynomial degree
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Determination of the ALE mapping

Artificial stationary linear elasticity problem

We seek d = (d1, d2) defined in Ωref as a solution of the elastic static
system

2∑
j=1

∂τ aij (d )

∂Xj
= 0 in Ωref , i = 1, 2,

where τ aij are the components of the artificial stress tensor

τ aij = δijλ
adivd + 2µaeaij(d ), eaij(d ) =

1
2

(
∂di
∂Xj

+
∂dj
∂Xi

)
, i = 1, 2. The Lamé

coefficients λa and µa are related to the artificial Young modulus E a and
the artificial Poisson number νa.

We get ALE mapping of Ωref onto Ωt in the form

At(X ) = X + d (X , t), X ∈ Ωref , (8)

for each time instant t.
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FSI problem

Coupling of the discrete flow problem and the structural problem is realized
via the transmission conditions representing the continuity of the velocity
and normal stress on the common boundary between fluid and structure.

Transmission conditions

a) For linear elasticity:

P(F (X , t))n(X ) = τ f (x , t)n(X ), v(x , t) =
∂u(X , t)

∂t

b) For nonlinear elasticity:

P(F (X , t))n(X ) = τ f (x , t)Cof(F (X , t))n(X ), v(x , t) =
∂u(X , t)

∂t

where x = X + u(X , t), v is the flow velocity,
τ f = {τ fij }2i ,j=1 = {−pδij + τVij }2i ,j=1 represents the aerodynamical stress
tensor.
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Nonlinear elasticity benchmark problem

Turek-Hron benchmark problem: elastic beam attached to a rigid
cylinder (l = 0.35 m, h = 0.02 m)

l

hA

evaluate the displacement of the control point A = A(t)
represented by the mean value, amplitude and frequency

acting body force density
f = ρbb, where b = (0,−2)T [m s−2], ρb = 1000 [kgm−3].

Young’s modulus 1.4 · 106 and Poisson ratio 0.4

uD = 0, gN = 0, St. Venant-Kirchhoff material
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Displacement of the point A for STDGM s = 1, q∗ = 0

0 2 4 6 8 10
-0.14

-0.12

-0.1

-0.08

-0.06

-0.04

-0.02

0

time [s]

di
sp
la
ce
m
en
t
u 2

[m
]

τ = 0.005
τ = 0.01
τ = 0.02
τ = 0.04

method τ u1
[
×10−3

]
u2

[
×10−3

]
ref −14.305± 14.305 [1.0995] −63.607± 65.160 [1.0995]

STDGM 0.04 −7.203± 0.002 [1.0712] −66.214± 0.011 [1.0725]

STDGM 0.02 −7.186± 0.175 [1.0800] −66.130± 0.789 [1.0775]

STDGM 0.01 −7.200± 1.564 [1.0887] −65.705± 7.079 [1.0862]

STDGM 0.005 −7.840± 4.708 [1.0920] −65.409± 21.393 [1.0900]
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Displacement of the point A for STDGM s = 1, q∗ = 1

0 2 4 6 8 10
-0.15

-0.1

-0.05

0

0.05

time [s]

di
sp
la
ce
m
en
t
u 2

[m
]

τ = 0.005
τ = 0.01
τ = 0.02
τ = 0.04

method τ u1
[
×10−3

]
u2

[
×10−3

]
ref −14.305± 14.305 [1.0995] −63.607± 65.160 [1.0995]

STDGM 0.04 −14.072± 14.043 [1.0925] −66.374± 61.499 [1.0925]

STDGM 0.02 −14.337± 14.316 [1.0925] −66.456± 62.556 [1.0925]

STDGM 0.01 −14.546± 14.526 [1.0950] −66.580± 62.994 [1.0950]

STDGM 0.005 −14.628± 14.608 [1.0930] −66.623± 63.153 [1.0930]
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Displacement of the point A for STDGM s = 1, q∗ = 2

0 2 4 6 8 10
-0.15

-0.1

-0.05

0

0.05

time [s]

di
sp
la
ce
m
en
t
u 2

[m
]

τ = 0.01
τ = 0.02
τ = 0.04

method τ u1
[
×10−3

]
u2

[
×10−3

]
ref −14.305± 14.305 [1.0995] −63.607± 65.160 [1.0995]

STDGM 0.04 −14.497± 14.497 [1.0925] −64.743± 64.748 [1.0925]

STDGM 0.02 −14.627± 14.627 [1.0925] −65.088± 64.711 [1.0925]

STDGM 0.01 −14.672± 14.672 [1.0950] −64.879± 65.025 [1.0900]
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Flow induced vocal folds vibrations

HI

LI Lg LO

ΓW

ΓW
ΓW

ΓbD

ΓI Ωt
Ωb

ΓWt

ΓO

HO

Computational domain: LI = 20.0 mm, Lg = 17.5 mm, LO = 55.0 mm,
HI = 25.5 mm, HO = 2.76 mm. The radius of the semicircle is 3.0 cm.

vin = 4 m s−1, µ = 1.80 · 10−5 kg m−1 s−1, ρin = 1.225 kg m−3,
pout = 97611 Pa,

Re = ρinvinHI/µ = 6941.7, κ = 2.428 · 10−2 kg m s−3 K−1,
cv = 721.428 m2 s−2 K−1, γ = 1.4
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Flow induced vocal folds vibrations

vocal folds are isotropic with constant material density
ρb = 1040 kg m−3

the domain is divided into 4 regions with different material
characteristics

fluid solver: STDGM of degree 2 in space and degree 1 in time,
τ = 1.0 · 10−6 s, 17652 elements

elasticity solver: STDGM of degree 1 in space and degree 1 in time,
5118 elements
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Flow induced vocal folds vibrations

compare the linear strain tensor e and the nonlinear Green strain
tensor E

in case of the linear elasticity the stress tensor depends on the strain
tensor e = (eij)

2
i ,j=1

in the case of nonlinear elasticity it depends on E = e + E∗, where
E∗ = (E ∗

ij )
2
i ,j=1.

influence of the nonlinear part of the strain tensor is given by the ratio

R :=
∥e∥
∥E∥

=
∥e∥

∥e + E∗∥
.

if R ≈ 1, then the nonlinear part of the strain tensor has no
influence to the computation - the linear elasticity model is sufficient

if R ≈ 0, then the nonlinear part strongly takes effect - it is
necessary to use a nonlinear elasticity model
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Comparing the linear and nonlinear elasticity model

linear vs. neo-Hookean nonlinear model:

linear vs. St. Venant-Kirchhoff nonlinear model:
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Conclusion

Summary

discretization of the nonlinear convection-diffusion problem in a
time-dependent domain by the ALE-STDGM

generalization of the concept of discrete characteristic function in
time-dependent domains

proof of the unconditional stability of the method

derivation of error estimates

applications of the STDGM showing the accuracy and robustness of
the proposed method

Thank you for your attention!
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