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Schrodinger equation

Nuclear Magnetic Resonance (NMR) spectroscopy analyses dynamics of
nuclear spins in magnetic field:

d .
h W) = —iHOU(2),

with
wave function W (t)
Hamiltonian H (¢)
- ¢ spins — size 2¢ x 2¢
- Sparse
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Schrodinger equation

Nuclear Magnetic Resonance (NMR) spectroscopy analyses dynamics of
nuclear spins in magnetic field:

d .
h W) = —iHOU(2),

with ;
) 4 strongly coupled spins
wave function W (t)

Hamiltonian H (¢) xx x x
. Y xx % x
- £ spins — size 2° x 2 x X x x x
- Sparse X x x X ox
X oxx X x
xx % x
o < x o x
.
x X xx
x
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Schrodinger equation

Nuclear Magnetic Resonance (NMR) spectroscopy analyses dynamics of
nuclear spins in magnetic field:

d .
h W) = —iHOU(2),

with .
) 4 uncoupled spins + pulse wave
wave function W (t)

Hamiltonian H (¢) < x o x x
- ¢ spins — size 2¢ x 2¢ x x x x
- Sparse x x x x
x <ok ox
x x x
x o x
x oxox
x x % x
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Schrodinger equation

Nuclear Magnetic Resonance (NMR) spectroscopy analyses dynamics of
nuclear spins in magnetic field:

d .
h W) = —iHOU(2),

with .
) 4 uncoupled spins + pulse wave
wave function W (t)
Hamiltonian H (¢) < x o x x
- ¢ spins — size 2¢ x 2¢ x x x x
- Sparse x x x x

Why? Computer simulation « xx %
improves design x x ook

improves analysis x x ox %

of practical experiments
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Numerical methods - references (incomplete list)

o [Moro, Freed, 1981]

o [Tal-Ezer, Kosloff, 1984]
o [Park, Light, 1985]

o [Leforestier et al., 1991]

o [Chin, Chen, 2002]

o [Hochbruck, Lubich, 2003]
o [Veshtort, Griffin, 2006]

o [Lauvergnat, Blasco,
Chapuisat, 2007]

o [Kormann, Holmgren,
Karlsson, 2008]

o [Lubich, 2008]

Softwares: SIMPSON, SPINACH.
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[Blanes, Casas, Oteo, Ros, 2009]

[Tosner, Vosegaard, Kehlet, Khaneja,
Glaser, Nielsen, 2009]

[Mazzi, 2010]
[Sénchez, Casas, Fernandez, 2011]

[Iserles, Munthe-Kaas, Ngrsett, Zanna,

2015]
[Blanes, Casas, Murua, 2015]

[Bader, Iserles, Kropielnicka, Singh,
2016]

[Blanes, Casas, 2016]
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Outline

» Solution of ODEs by x-product.
» From the *-product algebra to the matrix algebra.
» A new NLA approach for linear ODEs.
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Scalar ODE

For the sake of a simpler explanation, consider the scalar problem:
—u(t) = f(Hu(t), u(s)=1, t>selCR

with f(t) a smooth and bounded function over I. Then

u(t) = exp (/t i) dT> .

We are going to show an alternative expression for the solution.
Everything we are going to see can be easily extended to a system of
ODEs.
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Volterra composition
Let fi(t,s), fa(t,s) be bivariate matrices. The following operation
~ ~ t ~ ~
(Foes F)(0.5) = [ ot ), s)ar.
is known as Volterra composition. Picard iteration:

u(t) = f(t)u(t), u(s)=1

J} integration

t ~
t)y=1 +/ f(Du(r)dr

l integration

wt) =1+ [ J(m (1+ [ Forutonae) ar

_1+/ o)+ /fr)f p)dpdr

l after many iterations

ut):1+/:f(r)dr+/:f*“2(r)dr+~-~: / i frod (r)dr.

dt’
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*-product

We extend the Volterra composition defining the so-called x-product

+oo

(fg*fl)(t,s) = / fg(t,T)fl(T,S) dT.

— 00

that is an actual product for a specific class of distributions [Giscard, P.,
Ryckebusch].

Let ©(t — s) be the Heaviside function

1, t>s,
@(t—s):{ 0,t<s

Then

fa(t — $)O(t — ) x f1(t, )O(t — 5) = fal(t, s) %y f1(t, 5).
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Discontinuity

Definition: *-product
- f1(t,s), fg(t s) € specific class of distributions

- (fok fi)(t,8) = [1) fa(t,7) fo(r, 8)dT
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Discontinuity
Definition: *-product

- f1(t,s), fz(t s) € specific class of distributions

- (fok fi)(t,8) = [1) fa(t,7) fo(r, 8)dT

The class consists of f(t,s) = f(1)O(t — s)
- f(t) smooth
1, t>s

- Heaviside function O(t — s) = {
0, t<s
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Discontinuity
Definition: *-product

- f1(t,s), fg(t s) € specific class of distributions

- (fok fi)(t,8) = [1) fa(t,7) fo(r, 8)dT

The class consists of f(t,s) = f( HO(t — s)
- f(t) smooth
1 >
- Heaviside function O(t — s) = { y t2s
0, t<s

Example: f(t) = cos(4t) f(t,s) = cos(4t)O(t — 8)|s=—0.5
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Discontinuity
Definition: *-product

- f1(t,s), fg(t s) € specific class of distributions

- (fok fi)(t,8) = [1) fa(t,7) fo(r, 8)dT

The class consists of f(t,s) = f( HO(t — s)
- f(t) smooth
1 >
- Heaviside function O(t — s) = { y t2s
0, t<s

Example: f(t) = cos(4t) f(t,s) = cos(4t)O(t — s)|s=0
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The %x-product algebra

r(t,s) = f(t,s)*g(t,s) fO %GO — 7O, closed
f +g closed
1, =9(t—s) Dirac delta
f* L(t, s) Dirac delta derivatives &’,6”, ...

R.(f)(t,5) :== (1. — f)*"1(t,s) | *resolvent
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Solution by x-resolvent

Let us define f(t,s) = f(t)O(t — s). The %-resolvent is defined as

R(f) = (L= )T =L+ > f*

k>1

with 1, = 0(¢t — s) the Dirac delta function. The %-resolvent exists if f is
bounded for t, s € I. Then the Time-ordered exponential can be given as

Ut s) = / R.(f)(r,s)dr = O(t — 5) % Ry (f)(1, 5),

where for a fixed s, U(t, s) solves the ODE with starting time s; [Giscard &
al., 2015].
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Example

Consider the simple case f(t) =1,

Then f(t,s) =O(t — s) and

i@t—s
k=0

Hence

o0 o0 — s k
Ult,s) = O(t—s)«R,(f = (O(t—s)) ") = Z(t (k)!) O(t—s).
k=0 k=0

As expected, for a fixed s, the solution is

u(t) =U(t,s) = exp(t — s)O(t — s).
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Vito Volterra

[Volterra, Rend Lincei, 1910]
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Vito Volterra - 91 years from "fascism oath” rejection

» In 1931, the Italian fascist regime imposed an oath of allegiance to
the fascist government to all university professors.

» Only 12 professors refused to sign it. They lost their position.

> Vito Volterra was one of them. He was marginalized from the Italian
scientific community (from '38, also because of the racial laws).

» First helped by the Vatican Science Academy, he then lived in Spain
and France.
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Systems of ODEs

Lett > s eI CR, A(t) a time dependent matrix. The time-ordered
exponential is the unique solution U(¢, s) of

AU, ) = %U(t, §), U(s,s) = Iy

If A(71)A(72) = A(r2)A(my) for all 7,75 € I, then

U(t, s) = exp (/:/K(T) d7> .

U has generally no explicit form. Expression by ([Dyson, 1948])

U(t, s) = T exp (/:7&(7) d7> .

with 7 the time-ordering operator.
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Time-ordered exponential

The time-ordering expression is more a notation as the action of the
time-ordering operator is very difficult to evaluate.
» Classical approaches Perturbative methods (Floquet-based and
Magnus series techniques), often prohibitively involved, e.g., [Blanes
& al., 2009];
» Path-sum approach: The expression has a finite number of scalar
integro-differential equations, but its complexity can be too large;
[Giscard & al., 2015].

» x-Lanczos + Path-sum: [Giscard, P., 2020-2022]
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Solution by x-product

Nevertheless, the x-resolvent expression for the solution remains:
U(t,s) = O(t — s) R, (A),
with
e ~ *k
R(A)(ts) = (Ame(t—s)) ",
k=0
where the x-product here is extended in the matrix-product sense.

The probelm is: How do we compute R,(A)?

Symbolic expression: Path-sum method [Giscard & al., 2015] and x-Lanczos
symbolic method [Giscard, P., 2020-2022].
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Compute u(t, s)

Compute u(t, s)
- Symbolically: slow
- Numerically: rest of the presentation
Numerical procedure:
. Discretize f(t,s)
. Discrete analogue of x-operations

—_

. Compute discretized resolvent

A w N

. Express u(t, s) in terms of resolvent
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Discretize input f(t, s)

Function of interest

ft,s) = FO)O(t — s)

Use Legendre polynomials {px}

1
/ pr(T)p(T)dT = {(1)’
—1 )

Legendre series

f(t,s) = Z Z fijpi(t)p;(s

i=0 j=0

S.Pozza, N. Van Buggenhout
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Discretize input f(t, s)

Function of interest

f(t,s) = f(H)O(t — 3)

Use Legendre polynomials {p;}._,
! 0
/ pr(T)p(T)dT = 1’
—1 )

M M

Legendre series

Ft9)= Y > figpi®p(s) = farlt,s)

i=0 j=0
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Discretize input f(t, s)

Function of interest

f(t,s) = f(H)O(t — 3)

Use Legendre polynomials {p;}._,

1 :

[ momr= {47

Legendre series
M M

f(t, S)*Zg;fi,jpi(t)pj@) =: ful(t,s)
Joo fou oo fom
Pt = o) ma(®) o part] |10 T P
Do Dax - fan
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Discretize input f(t, s)

Function of interest R
f(t.s) = f(H)O(t —s)

Use Legendre polynomials {p;}._,

! 0, ifk#1
ka(T)pl(T)dT - {1, if =1

Legendre series

M M
f(t,s)~ Z Z fiipi()pi(s) = fu(t,s)
po(s)
p1(s)
fu(ts) = [po(t) p1(t) ... pu(O)] Fu| .
pm(s)

S.Pozza, N. Van Buggenhout 19 /43



The

matrix algebra

In Legendre basis:

S

f(t.s) = [po(t) pa(t)

f(t,s)

*-operation

s(t, s) = f(t,s) xg(t,s)

f+y

1, =6(t—s)

Mt s)

Ro(f)(t,s) = (Lo = /) 1(t,s)

Pozza, N. Van Buggenhout

Po(s)
(0] Far [P

pn.(S)

Fuy

matrix operation

Sy = FuGui

Fy + Gy

Iy, identity matrix

Fif

R(FM) = (IM — F‘]\/[)_1
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The matrix algebra

In Legendre basis:

f(t.s) = [po(t) pa(t)

f(t,s)

*-operation

s(t, s) = f(t,s) xg(t,s)
f+y

1, =6(t—s)

Mt s)

Ry (f)(t,s) == (1 = f)* 1t 9)

Solution to x-ODE:
Ul(t,s)

Ot —8)x (1, — f)* (¢, )
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Po(s)
(0] Far [P

pn.(S)

Fuy

matrix operation

Sy =FuGy

Fy + Gy

Iy, identity matrix

Fif

R(FM) = (IM — F‘]\/[)_1

Unm
Hy(Ing — Far) ™t
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Legendre approximation

== |If = pillo

O‘M‘
10 m’%o

Analytic — geometric convergence >
f(t) = cos(4t) Zfzpl 10-10 | *b*b
O
M =23 =
0 20 40

21/ 43
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Legendre approximation

10° 5 w =
Analytic — geometric convergence % ——||f — pilloo

M
f(t) = cos(4t) =~ > fipi(1) 10-10
=0

M =23

*-framework = discontinuous i

f(t,s) = cos(4t)O(t — s)

YD fipit)ps(s)

i=0 j=0
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Legendre approximation

100
Analytic — geometric convergence

f(t) = cos(4t) Zflpz 10-10
M =23
*-framework = discontinuous i

f(t,s) = cos(4t)O(t — s)
M M
YD fipit)ps(s)
=0 j=0

Fyr is (numerically) banded!
Note: f(t,—1) = f(t)
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Reconstruction and Gibbs phenomenon

Even if f(t) is analytic, f(t,s) = f(t)O(t — s) is discontinuos. Therefore,
the expansion

3
L
3
L

ft,s) = f)O(t — s5) ~ g, epk (t)pe(s),
0

ES
I
~
I
=3

is affected by the so-called Gibbs phenomenon. Assuming to only know a
matrix F', we may not be able to accurately reconstruct f (¢, s).
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Gibbs phenomenon

Gibbs phenomenon:
» Overshoot near discontinuity
» Spurious oscillations in whole domain

0.5

-0.2 0 0.2
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Is it really a problem?

For s = —1 the function f(t,—1) = f(t), for t € [-1,1]. Therefore,

po(—1)
. pi(—1)
f(t) =~ f(t, 71) = [po(t) pl(t> S p]\/[(t)] Fy .
pu(—1)
Therefore Fiy [po(—1) pi(—1) ... pM(—l)]T is a vector containing
the Legendre coefficients of the 1D expansion
. m—1
f(t) = Z aupr ().
k=0

However, we still need to analyze the truncation error.
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Solution
ult, s) = D= 2o g Ui Pi(t)pi(s) ~ >, ZjM=o u; ;pi(t)p;(s)
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Solution

[
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Solution
M—b ~
= Zq‘:o ;pi(t)

[
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Coefficient vector u

Approximate solution

M—-b
Ut,—1) =~ a;pi(t), w=Upyp, with b ~ 40
=0
o 0
10 Tt *
i
*%* **ﬁ
10—10 - >N§§** **ﬁ* .
**S:* ﬁdek
. #
A,
10-20 | | | |
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Coefficient vector u

Approximate solution

M—b
Ut,—1) =~ a;pi(t), w=Upyp, with b ~ 40
i=0
5 10°
10—10
10—20 | | | |

Analytic solution:
u(t) = exp (+sin(4t)) = 302, aqpi(t)
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Coefficient vector u

Approximate solution

M—b
Ut,—1) =~ a;pi(t), w=Upyp, with b ~ 40
i=0
t 0
10 ]
10—10
—20 | | | |
10 0 20 40 60 80 100
i
Analytic solution: Error:

u(t) = exp (% sin(4t)) =>2oaipi(t)  Jlat) —u(t)|le = 8e — 16
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Proposed procedure

Solve Lii(t) = f(t)u(t):
1. Represent f(t)O(t — s) as Legendre series = F);
2. Compute @y = Hpy(Ins — Far)~'p (GMRES!)
3. Choose right amount of coefficients to keep wp;—y

4. Solution is u(t) ~ Zi]\iab ;pi(t)
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Example

u(t) = fOu®), uw(-1)=1, te[-11]

f(t) = —2mi(0.1 + cos(67(t + 1)) + cos(12w(t + 1)))

05 imag part of the solution

O Star-prod + gmres
Exact sol

GMRES: 13 iterations for a 800 x 800 matrix.

S.Pozza, N. Van Buggenhout
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Example

10-10 L

10-15 L

X

1020
0 200 400 600 800

Left: Element magnitude of the Legendre coefficient matrix F.
Right: Element magnitude of the computed Legendre coefficients c.
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Proposed procedure

Compute w” U (t)v, with %U(t) = AU (t):

1. Represent A(t)O(t — s) as Legendre series = F,, block matrix

[Fi,j]i,j:1
i) oo ()
() o dmm()

2. Compute wUprv = (w @ Ing) T Har (Zar — Far) L (v @ I,)p

(GMRES!)

O(t—s) —

discretize

Fiq

Fl,m

le

)

an

)

3. Choose right amount of coefficients to keep wn;_p

4. Solution is wH U (tyv ~ M P dpi(t)
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Kronecker structure

In many applications, the function A(t) is given as a sum of Kronecker
products:

Aty =) 4 f5(t),
j=0

with A; sparse matrices, and fj(t) analytic functions. Our approach
reformulates the problem as the linear system

(Id — ES:AJ- ® Fj)vec(X) = v @ pm(—1),
j=0

with F}; the Legendre discretization matrices, or, equivelently, as the
matrix equation with a low-rank rhs

X =Y FiXAT =@ (-1)0".
j=0
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Experiment 1 [Baligdcs, Bonhomme]
Setup:

- £ =4 spins — 16 x 16

- homonuclear dipolar coupling

- Magic angle spinning v € [5e3, 120e3|
H(t) = D + Bcos(2nvt) + C cos(4mvt)
- time t € [0, 1e—4] (practical: O(e — 2))
Structure B and C )

Compute:
- bilinear form wH U (t)v
- Initial state v =[1 ... I]T eCcm

- Measurement w = [1 1]T ceCm™
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Experiment 1: numerical

Numerical:
- a:=U,p=H,(I, — F,)"'p — GMRES
- Reference solution 4: ode45 in Matlab

- Error: err := ||a(t) — Yy api(t) |l
Solution (t)

T
1 0.5 y
0.5 0
0
—0.5
—0.5 ! ! ! ! ! !
-1 —-0.5 0 0.5 1 -1 —-0.5 0 0.5 1
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Result M = 300 & cutoff at &k = 137

Approximation for u(t) ~ Zf:o u;pi(t) ol NN N\
Solve system (Ips — Far)y = p wol \\ \\\

1500 \
Multiplication @ = Hasy \\ N \\
Size nM x nM, nM = 4800 2500 \\ NN N
3000 \\

3500

NN

4500 \ \ \

0 1000 2000 3000 4000
nz = 1007616

GMRES
44 iterations
cutoff at &k = 137

0 100 200 300
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Quality of approximation M = 300, cutoff £ = 137

Coefficients:

100'71:,

E 10—10

—920 ""'?"'F; ol
10 0 100 200 300

10~

&

10710

-1 —-05 O 0.5 1
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Result M = 200 & cutoff at &k = 137

Approximation for 4(t) ~ Zf:o a;p;(t) N\ \
Solve system (Ip; — Fpr)y =p N \\ N\

1000 \
Multiplication w = Hpy \ \\
Size nM x nM, nM = 3200 W \ N\ |
2000 \
2500 \\ \ \\

3000

0 500 1000 1500 2000 2500 3000

nz = 655616

GMRES
44 iterations
cutoff at &k = 137

| |
0 50 100 150 200
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Quality of approximation M = 200, cutoff £ = 137

Coefficients:

10° s

E 10710

B

—20 L | !
10 0 50 100 150 200

7

For leig @;p;i(t): err = 4.7e — 14
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Quality of approximation M = 140, cutoff £ = 100

Coefficients:

107°

~10
10 0 50 100

For Z}i% w;pi(t): err =7.1e — 9
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Experiment 2 [Baligacs, Bonhomme]
Setup:
- £ =4 spins — 16 x 16
- uncoupled spins under a pulse wave
- H(t) = A+ B(0.5 + cos(4t) + sin(10t) — 0.4 sin(16t)) +
C(sin(4t) + cos(8t) + 2sin(12t))
- time t € [0,1e—2]
Structure B and C'

Solution a(t)

1
0.5 .
ol
—-0.5| 8
-1 -05 0 0.5 1
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Result M = 60 & cutoff at &k = 44

Approximation for @(t) ~ Zf:o a;p;(t) NN \\
Solve system (In; — Far)y =p 20U NN \\
Multiplication @ — Hyy \\ N

Size nM x nM, nM = 3200 ZZ: \\\\

GMRES

10°
59 iterations * ***’é
K
cutoff at ¢ = 44 S10-10 **** |
*** ***
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Quality of approximation M = 60, cutoff k£ = 44

Coefficients:

0 20 40 60
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Recap

ODE: 4U(t) = A(t)U(t)
- New expression for U(t) = U(t,—1):
Ut,s) =0t —s)x (1, — A@)O(t — s))* !

Legendre series: @ = Upsp, with Upy = Hp (I — Fpy) ™t

- Bandedness = recover decay of coefficients
- Efficient if:

o fast solution linear system (Krylov 4 preconditioner!)
o good estimation of M
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Recap

ODE: 4U(t) = A(t)U(t)
- New expression for U(t) = U(t,—1):
Ut,s) =0t —s)x (1, — A@)O(t — s))* !

Legendre series: @ = Upsp, with Upy = Hp (I — Fpy) ™t

- Bandedness = recover decay of coefficients
- Efficient if:

o fast solution linear system (Krylov + preconditioner!)
o good estimation of M

Future work
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