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The conjugate gradient method

Magnus Hestenes and Eduard Stiefel

1906 — 1991 1909 - 1978

Shiny, brand-new toys: SWAC (Hestenes) and Z4 (Stiefel).

Two existing classes of algorithms:
@ direct methods,

@ stationary iterative methods.

Need for an ideal algorithm (finite termination, if stopped early,
would give a useful approximation) — [Hestenes, Stiefel 1952].



The conjugate gradient method

A is symmetric and positive definite, Az = b

input A, b Vectors € (A, D)
ro =b, po =70 span{b, Ab, ..., A*~1b}
for k =1,2,... until conv. do
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The Lanczos algorithm

Let A be symmetric, compute orthonormal basis of (A, b)

input A, b
v1 = b/[b]|
Bo=0,v=0

for k=1,2,... do
Qp = v%Avk
w = Avp, — apvp — Br_1Vk—1
B = |wll

Vg1 = W/ Pk

end for
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Optimality of CG

@ CG as a projection method
x—1xr La Kp(AD).
@ CG as an optimization method

Fly) = 3 y" Ay —y'b,  F(zx) = min F(y).
yey

Note that 1
Fly) = gllo— ylli + F(z).

o CG as Gauss quadrature.



CG and Gauss quadrature

CG determines weights and nodes of the Gauss quadrature rule
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CG in finite precision arithmetic

Orthogonality is lost, convergence is delayed!
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Identities need not hold in finite precision arithmetic!




Mathematical model

of finite precision CG computations

The results of finite precision CG can be interpreted (up to a
small inaccuracy) as the results of exact CG applied to a larger
problem with a matrix having clustered eigenvalues around );'s.

[Greenbaum 1989, Paige 1976, 1980]
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How to measure quality of approximation?

. it depends on what problem we solve.

@ using residual information,
— normwise backward error,
— relative residual norm.

[Hestenes, Stiefel 1952]: “Using of the residual vector 7 as a measure
of the “goodness” of the estimate x, is not reliable”

@ using error estimates,
— estimate of the A-norm of the error,
— estimate of the Euclidean norm of the error.

[Hestenes, Stiefel 1952] : “The function (z — a2, A(xz — 21)) can be
used as a measure of the “goodness” of =y as an estimate of x."
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The normwise backward error

Given xj, what are the norms of the smallest perturbations AA of
A and Ab of b (in the relative sense) such that

(A+ AA)azp =b+ Ab?

We are interested in the quantity

min {n: (A+ AA)z, = b+ Ab, ”HAAT <, H|Abb‘” Sn}

called the normwise backward error. It is given by

el
Al + 61

[Rigal, Gaches 1967]
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CG with [|A]| estimation

input A4, b
Tozb,p():?"o, (50:0,7_1:0, 61:1
fork=1,...,do

cgiter(k)

_ 1 6k 1 sz
ak_%1 ’VkaBk_'ykl
if £k =1 then

pP1 = Q1
else

Wp—1 = \/(Pkfl —ag)® + 487 _jer
L = % (1 _ ﬂk—1—0¢k)

Wik—1
Pk = Pk—1 + Wk—1Ck
end if
end for

7| 7l

[zl + 16l = prllzgll + [l]

[Meurant, T. 2019]
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Estimating the A-norm of the error in CG

e = o —zlh

e Estimating errors using quadrature approach:
[Dahlquist, Golub, Nash 1978],
[Golub, Meurant 1994], [Golub, Strako$ 1994], [Golub, Meurant, 1997],
[Calvetti et al. 2000], [Strako$, T. 2002], [Meurant, T. 2013, 2019]

@ Why it works in finite precision arithmetic?
[Golub, Strako$ 1994], [Strakos, T. 2002, 2005, 2011]

@ An important role in stopping criteria:
[Deuflhard 1994], [Arioli 2004],
[Jiranek, Strako$, Vohralik 2006], [Papez, Vohralik 2022]
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An important role in stopping criteria

[Arioli 2004]
Find u € V = H}(Q), such that

a(u,v) = f(v) YveV

a(-,-) is symmetric, bilinear, coercive, continuous.
Finite dimensional V;, C V, find u; € V}, s.t.

a(up,v) = f(v) Yv € V.

Considering basis functions of V},, we get Az = b, and

[l = alv,v) = [lyll%,

where v € V}, and y is the corresponding coordinate vector. Then

k k
lu— w2 = Jju = unl|? + [fun, — a2

total discretication algebraic
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Estimating ||z — x|

Given 1 < Amin,

el < e < Al
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Loss of accuracy of the Gauss-Radau upper bound

bcsstk01, n =48, u = H’\{“ﬁ, m=24,...,14

Il 17l
|z —axlla < VA |Ire] <
k N

[Meurant, T. 2019]
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Loss of accuracy of the Gauss-Radau upper bound
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Work in progress ...

[Meurant, T. 2022]

o —2ealla
4 |——u3 = /\1(1 - 107‘;)
—— g = )\1(1 - 1078)
u1s = double();)
o pso=A(1— 10750)
‘ ‘ RENL e
5 15 30
i M . i
H A1 (k) A (k)
1 91 2 92

19



Estimating ||z — x|

Given 1t < Amin,
el < e < A2
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How to improve and control the accuracy?
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How to improve the accuracy of the estimates?

-1

er = »_lrl? + e
=k
[ —
Ago—1

[Golub, Strakos 1994, Golub, Meurant 1997, Strakos$, T. 2002, 2005]
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Prescribing the accuracy of the estimate

e = Apy—1 + €0

Ideally, we would like to determine ¢ > k such that
€k — A1 &
€k €k

where 7 € (0,1) is a given tolerance. Then

Apr—1

A1 < g < :
1—171

The delay £ — k should be as small as possible.
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Find ¢ such that

€k = Bwe—1 _ E0
€k €k



Using the upper bound
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Safe, but requires 1 and, moreover, £ — k is far from being optimal!
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Heuristic strategy

Learn from the history

It holds that [Meurant, Papez, T. 2021]

Aj < g5 < K(A)A;.

Idea — find Sy such that

Define

S;

Approximate

Ajie
A

~
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€

=

~ Sy Ay.

max S .

m<j<t
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How far to go into history?

Learn from the latest significant decrease

e find m such that
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Estimating ¢ with a prescribed accuracy 7
[Meurant, Papez, T. 2021]

input A4, b, 7
ro=po=05b k=0
cgiter(0)
for/=1,...,do
cgiter (/)
compute Ag.p_1 and Ay
determine .Sy
while ( > k and 224 < 7 do
accept Ay
k=k+1
end while

. end for

29



Preconditioned CG (PCG) algorithm

LYAL Ty = L7 1.
%{_/v \A,_/

A & b

input A, b, xg, M = LLT
ro="b— Al’o, 20 = M_lTU, Po = 20

for £k =1,... until convergence do
A _ Zg_lrk—l
fYk_l o p%’,lApk—l

Tp = Tp—1 + Ye—1Pk—1
Tk =Tkp—1— Yo—14pr_1
Solve Mz, = ry, pcgiter (k)
N Z’IjT/c
5 = bl

T
Fe—1Tk—1

Pr = 2 + 5kpk—1
end for

-1
5. T
Ep = Z’yjzjrj + €
j=k
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[function [x,estim, delay]l = pcgalA,b,tau, maxit,L,x)

r =
z =
rr
k =

for

end

b - A* x;

L\r; z =L'"\z; p = z;

z' *r;

1;

ell = 1:maxit+1

RR =rr; % ... begin cgiter(ell)
Ap =A*p;

alpha = RR/(p' * Ap);

X = x + alpha * p;

r = r - alpha * Ap;

z =L\Nr z=L"'\2z

rr =2z' *r;

beta = rr / RR;

p =z + beta * p; % ... end cgiter(ell)
Delta(ell) alpha * RR;

history(ell) = 0; history = history + Delta(ell);

if ell > 1 % ... adaptive choice of the delay
S = finds(history, Delta,k);
num = § * Delta(ell);
den = sum(Delta(k:ell-1));
while (ell > k) && (num/den <= tau)
delay (k) ell-k;
estim(k) den;
k =k +1;
den = sum(Delta(k:ell-1));

end
end

end % of function

function [S] = findS(history,Delta, k)
ind = find((history(k)./history) <= le-4, 1, 'last');
if isempty(ind), ind = 1; end

S =
end

max (history(ind:end-1)./Delta(ind:end-1));



Numerical experiments



Test problems

SuiteSparse Matrix collection

name size rhs b M =LL"
bcsstk02 66 —
bcsstk04 132 equal components —
bcsstk09 1083 ict(le-3, le-2)
s3dkt3m2 90449  comes with the matrix ict(le-5, le-2)
s3dkqg4m2 90449 ict(le-5, le-2)
pwtk 217918 ict(le-5, le-1)
af_shell3 504855 rand(—1,1) zero-fill
tmt_sym 726713 zero-fill
ldoor 952203 zero-fill
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Problems without preconditioning
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10
10710
adapt. lower bound
llz — @xlla
1
rel. err.
05 05 .
adapt. d
ideal d 200
20 ‘ 1001
‘ I ~ 0 -~
0 20 40 50 80 100 100 200 300 400 500 600 700
CG iterations CG iterations

34



Problems with preconditioning

pwtk (n = 217918) ldoor (n = 952203)
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Difficult problems

s3dkt3m2 (n = 90449) s3dkg4m2 (n = 90449)
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Improved Gauss-Radau upper bound

ek = Apo—1 + g0 < Apyp1 + %E“) 7]

(k)
Vi

Choose ¢ such that
Q) — e
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<T.
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CG with the improved Gauss-Radau upper bound

AN .

© o N o

10:
11:

input A, b, u, 7
ro =0b, po =10
k=0, ,.Y((]ﬂ) — %
for /=0,...,do
cgiter (/)
_ el (24
while ¢ > k and A—MgTdo
accept Q,(fg)
k=k+1
end while
’y(u) (M) e
LT Ly (“)*'YZ)JF‘SZ+1

end for
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Testing the improved upper bound
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Comparison of upper bounds
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Comparison of upper bounds
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Conclusions

@ One can improve the accuracy of estimates of g5 using the
information from the forthcoming CG iterations.

@ We can control the accuracy of the estimates using:

e Gauss-Radau upper bound — reliable, often not optimal.

e A heuristic strategy — robust, often almost optimal.

@ Generalization is possible for other CG-like methods.
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Thank you for your attention!
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